Abstract. We define variants of Pisier's similarity degree for unital C*-algebras and use direct integral theory to obtain new results. We prove that if every II 1 factor representation of a separable C*-algebra A has property Γ, then the similarity degree of A is at most 11.
1
There has been much attention focused on the similarity degree without much attention to κ. It is known [14] that when A is finite-dimensional, d (A) = 1 and that when A is infinitedimensional, then d (A) ≥ 2. It follows, for example that, for any strictly increasing sequence {A n } of finite-dimensional C*-algebras, d (A n ) = 1 for every n ∈ N, but κ (A n ) → ∞, otherwise there would be an infinite-dimensional direct limit A with d (A) = 1. Hence determining the similarity degree of a direct sum or direct limit of C*-algebras with the same similarity degree is difficult, without also controlling the κ's. This motivates us to introduce a new invariant that incorporates both d and κ. Definition 1. We define the modified similarity degreed (A) of A to be the smallest positive number γ ≥ d (A) such that, for every bounded unital algebra homomorphism ρ : A → B (H), we have
Definition 2. If A is a von Neumann algebra, we similarly defined * (A) to be the smallest positive number γ such that ρ cb ≤ γ ρ γ whenever a bounded unital homomorphism ρ : A → B (H) is ultra*strong-ultra*strong continuous on the closed unit ball of A, equivalently, ultrastrong-ultrastrong continuous on the closed unit ball of A sa = {Re a : a ∈ A}.
The following result is elementary.
Lemma 3. Suppose A is a unital C*-algebra. Then
(3) If A is the norm closure of the union of an increasingly directed family {A λ : λ ∈ Λ} of unital C*-algebras, thend
(4) If, in statement (3) above, A is the weak operator closure (or, strong operator closure) of the union of the A λ 's, then
Proof.
(1) and (2) are obvious.
Since ρ cb = sup n∈N ρ n , the desired result is proved. (4) . Let B be the norm closure of the union of the A λ 's. If ρ : A → B (H) is a unital homomorphism that is ultrastrong-ultrastrong continuous on the closed unit ball of A sa , then it follows from the Kaplansky density theorem that ρ = ρ| B and ρ cb = ρ| B cb . The rest follows from (3).
It was shown by U. Haagerup [2] that if a unital C*-algebra has no tracial states, then d (A) = 3 with κ = 1, which impliesd (A) ≤ 3. Hence if M is a type I ∞ , type II ∞ or type III factor, then d (M) =d (M) = 3. In particular,d (B (ℓ 2 )) = 3. We see thatd * does a little better.
Corollary 5. If M is a hyperfinite von Neumann algebra, thend * (M) ≤ 2.
Corollary 6. Suppose A is a unital C*-algebra. Then
If τ is a tracial state on a unital C*-algebra A, we let L 2 (A, τ ) denote the Hilbert space induced by the inner product a, b = τ (b * a) and let
′′ be the von Neumann algebra generated by π τ (A). It is known (e.g., see [5] ) that τ is an extreme point of the set of tracial states on A if and only if M τ (A) is a finite factor von Neumann algebra, and, in this case we call τ a factor tracial state.
Definition 7. We define the modified tracial similarity degree of a unital C*-algebra A asd
τ is a factor tracial state of A .
Our main result explicitly shows how findingd for separable C*-algebras reduces to findingd * for II 1 factor von Neumann algebras.
Theorem 8. Suppose A is a separable unital C*-algebra. Then,
In particular, for every unital bounded homomorphism ρ :
Proof. Suppose ρ : A → B (H) is a unital faithful * -homomorphism where H is a separable infinite-dimensional Hilbert space. By replacing ρ with ρ (∞) = ρ ⊕ ρ ⊕ · · · , we can assume that ρ is unitarily equivalent to ρ ⊕ ρ ⊕ · · · . We can extend ρ to a normal unital homomorphismρ : A ## → B (H) such thatρ| A = ρ and such thatρ is unitarily equivalent toρ (∞) . Since kerρ is a weak*-closed ideal in the von Neumann algebra
Sinceρ is normal, we see thatρ (M) is weak*-closed (Krein-Shmulyan) and σ =ρ| M : M →ρ (M) is a weak*-weak* homeomorphism. Thus the predual of M is separable, so there is a normal faithful * -homomorphism π : M → B (H), and we can assume that π is unitarily equivalent to π (∞) . Hence we can assume that
M and that σ : M → B (H) is a faithful normal homomorphism such that σ| A = ρ and σ is unitarily equivalent to σ (∞) . It follows from the Pisier-Ringrose theorem [10] , [17] that σ is ultra*strong-ultra*strong continuous. Since ρ and π have infinite multiplicity, we know that σ is SOT-SOT continuous on M sa . It follows from direct integral theory that, up to unitary equivalence, there is a separable infinite-dimensional Hilbert space K and a probability measure space (Ω,
. .} is a selfadjoint norm-dense subset of the closed unit ball of A sa , and hence a strong-operator-dense subset of the closed unit ball of M sa , and, for each ω ∈ Ω, we let
Moreover, we can further assume that {ϕ 1 (ω) , ϕ 2 (ω) , . . .} is strong-operator-dense in the closed unit ball of M sa ω a.e., and that there is a measurable family {π ω : ω ∈ Ω} of unital * -homomorphisms from A to B (K) such that,
Now we want to look at the restriction of σ to Z (M), which is a bounded unital normal injective homomorphism with ρ = σ . Since d (Z (M)) = 2, there is an invertible operator S ∈ B (H) such that S S −1 ≤ ρ 2 and such that σ 1 (·) = Sσ (·) S −1 is an injective normal * -homomorphism on Z (M). Hence
Since σ 1 is unitarily equivalent to σ
and id M is unitarily equivalent to (id M ) (∞) , we see that σ 1 |Z (M) is unitarily equivalent to id Z(M) . By putting this unitary with S, we can assume that σ 1 (T ) = T for every T ∈ Z (M). This means that σ 1 is an
Since M ⊆ Z (M) ′ , we know that
Hence we can find functions
It is important to note that the ϕ n 's and ψ n 's are actually representatives of equivalence classes since we identify functions that agree almost everywhere. So we must now take some care with sets of measure 0. First note that if p (t 1 , . . . , t n ) is a * -polynomial, then
. . , ϕ n ) ∞ . We want to get a better estimate. For each k ≥ 1, let E k be the set of all ω ∈ Ω such that
and
Now we have the following claim.
Claim 8.1: Let P denote the set of a * -polynomials with coefficients in C Q = Q + iQ. We then have
for every p ∈ P. By removing a set of measure zero from Ω, we can assume that the above relation hold for every ω ∈ Ω.
Let {1 = γ 1 , γ 2 , . . .} be an orthonormal basis for L 2 (µ) and let {e 1 , e 2 , . . .} be an orthonormal basis for K. Define u i,k ∈ H by
It is well known that {u i,k : i, k ∈ N} is an orthonormal basis for H = L 2 (µ, K). We can define a metric d H on B (H) by
On bounded subsets of B (H) (respectively, B (K)) the metric d H (respectively, d K ) induces the strong operator topology. We know that σ : M → B(H) is ultrastrongly-ultrastrongly continuous on M sa . It follows that σ 1 is uniformly continuous on the closed unit ball B of M sa , since if {S n } , {T n } are sequences in B, we know d H (S n , T n ) → 0 if and only if S n − T n → 0 ultrastrongly, implying σ 1 (S n − T n ) = σ 1 (S n ) − σ 1 (T n ) → 0 ultrastrongly, which implies d H (S n , T n ) → 0. Therefore, we have the following claim. Claim 8.2: Suppose s, r ∈ N. Then there is a t r,s ∈ N such that, for every S, T ∈ B, we have
Let P 1 be the set of p ∈ P such that p (ψ 1 , ψ 2 , . . .) ≤ 1 and p (ψ 1 , ψ 2 , . . .) = p (ψ 1 , ψ 2 , . . .) * , and write
Let r, s be in N and t r,s be as in Claim 8.2. Now suppose j ∈ N , and let E j,r,s denote the set of all ω ∈ Ω such that
, and
Let F 1,r,s = E 1,r,s and let F j+1,r,s = E j+1,r,s \ ∪ 1≤i≤j E i,r,s for j ∈ N.
.
Thus, by Claim 8.2, we have
. However, since γ 1 (ω) = 1, we see that
which implies that
Let W r,s = ∪ ∞ j=1 E j,r,s . Then W r,s is precisely the set of all ω ∈ Ω for which there is a (p, q) ∈ P 1 × P 1 such that
Hence, if we throw away another set of measure 0, we can assume that
(Ω\W r,s ) = Ω. This means that Claim 8.3: for every ω ∈ Ω and every s ∈ N there are an r ∈ N and, thus, a t r,s ∈ N (as in Claim 8.2) such that ω / ∈ W r,s , i.e., for every (p, q) ∈ P 1 × P 1 ,
It follows from Claim 8.1 that, for each ω ∈ Ω and each p ∈ P,
defines a unital algebra homomorphism α ω from
The Claim 8.3 shows that, for each ω ∈ Ω, α ω is d K -d K uniformly continuous on P 1 . Hence α ω uniquely extends to a unital algebra homomorphism from M ω that is ultrastrong-ultrastrong continuous on the unit ball of 
Erik Christensen [1] proved that if M is a II 1 factor with property Γ, then d (M) = 3 and κ (M) = 1, which meansd (M) ≤ 3. We will not name or try to give an internal description of the class of C*-algebras in the following Corollary, but we note that it clearly contains the class of weakly approximately divisible C*-algebras defined in [4] .
Corollary 9. Suppose A is a separable unital C*-algebra with that property that π τ (A) ′′ has property Γ for every factor tracial state τ on A. Then
Note that the following corollary relates d (C * (F n )) andd * (L Fn ) for each integer n ≥ 2.
Corollary 10. If A is a separable unital C*-algebra with a unique tracial state τ , then
We now apply our results to certain crossed products. Suppose n ≥ 2 is a positive integer and let G n denote the group generated by the n × n diagonal unitary matrices and the permutation matrices. We define an action α on C * r (F n ) with standard unitary generators u 1 , . . . , u n , so that if g = DV σ with D = diag (λ 1 , . . . , λ n ) and V σ is the permutation matrix corresponding to σ ∈ S n , we let α (g) be the automorphism of C * r (F n ) that sends u k to λ k u σ(k) . Corollary 11. Suppose n ≥ 2 and H is an abelian subgroup of G n that is not torsion (i.e., H contains at least one element of infinite order). Then d tr (C * r (F n ) ⋊ α H) ≤ 3, and d (C * r (F n ) ⋊ α H) ≤ 11.
Remark 12. We conclude by reminding the reader of the equivalent formulations of Kadison's similarity problem (see, e.g., [14] ) so, for example, showing d (A) < ∞ implies that if π : A → B (H) is a unital * -homomorphism and T ∈ B (H) and T (H) is invariant for every operator in π (A), then there is an S ∈ π (A) ′ such that S (H) = T (H) . Moreover, there is a K ≥ 1 such that, for every W ∈ B (H), dist W, π (A) ′ ≤ K sup { π (U) W − W π (U) : U ∈ A, U unitary} .
